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THE IMAGE OF THE KZ FUNCTOR FOR CHEREDNIK
ALGEBRAS OF VARIETIES WITH FINITE GROUP
ACTIONS
DANIEL THOMPSON
Abstract. We prove that the KZ functor from a certain category of
modules for the Cherednik algebra to finite dimensional modules over
the Hecke algebra is essentially surjective. Then we begin to use this
result to study the analog of category O for Cherednik algebras on Rie-
mann surfaces and on products of elliptic curves. In particular we give
conditions on the parameters under which these categories are nonzero.
1. Introduction
Let W be a finite complex reflection group inside of GL(V ). The paper
[1] has defined a Hecke algebra H associated to W , which is a deformation
of the group algebra CW . An important open question is whether this
deformation is flat; in particular is it finite dimensional for any choice of the
deformation parameters. Recent work of I. Losev, [2], has made progress on
this question using the theory of category O for rational Cherednik algebras.
Namely, he has shown that the KZ functor from O to the category of finite-
dimensional representations of H is essentially surjective, which implies that
there is a minimal two-sided ideal of finite codimension in H. Let us note
also that category O is the category of modules over the Cherednik algebra
which are finitely generated over the subalgebra C[V ] and for which every
irreducible composition factor has regular singularities at ∞ when viewed
as a D-module on a dense open set of its support (Proposition 1.3 of [3]).
There is a more general theory of Cherednik and Hecke algebras for vari-
eties with a finite group action introduced by P. Etingof in a preprint [4]. It
is natural to ask whether the KZ functor in this setting is surjective as well.
This question in answered in the affirmative by
Theorem 1.1. Let V be a finite-dimensional representation of the Hecke
algebra of a variety with a finite group action. There is an O-coherent sheaf
of modules M over the sheaf of Cherednik algebras such that KZ(M) = V .
If our variety is proper, then any such M has regular singularities in the
sense above. We suspect that for any variety we can choose some such M
which has regular singularities, and plan to return to this question in the
future.
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The structure of the paper is as follows. First, we briefly recall the basic
theory we will need of global Cherednik algebras in section 2. In section
3 we extend the construction of Losev to the setting of Cherednik algebras
of varieties, proving Theorem 1.1. In sections 4-6 we begin to use these
results to study the analog of category O for Cherednik algebras on Riemann
surfaces and on products of elliptic curves. In particular we give conditions
on the parameters under which these categories are nonzero.
Acknowledgements. The author would like to thank Pavel Etingof and
Seth Shelley-Abrahamson for their helpful comments on preliminary ver-
sions of this paper. Thanks are due especially to Etingof for suggesting this
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2. Generalities
2.1. Cherednik algebras of varieties with a finite group action. Let
X be a smooth connected algebraic variety over C, with a finite group W
of automorphisms. Assume further that X admits a cover by affine W -
invariant open sets, so that the quotient variety X/W exists. Let c be a
W -invariant C-valued function on the set S of pairs (Z, s), where s ∈W and
Z is an irreducible component of the set of fixed points Xs of codimension
1 in X. These elements s ∈ W will be called reflections. Finally, let η be
a W -invariant C-valued function on the set of hypersurfaces Z such that
(Z, s) ∈ S for some s ∈ W . Etingof in [4] has defined a sheaf of algebras
Hc,η(W,X) on X/W called the Cherednik algebra associated to this data.
We will consider the full subcategory Hc,η−modcoh of Hc,η−mod, consisting
of sheaves of modules which are coherent as OX -modules (in the sequel, an
O-coherent module over the Cherednik algebra will always mean coherent
over OX). Our main object of interest will be a certain Serre subcategory
Hc,η−modRS of Hc,η−modcoh, see Definition 1.5 of [3]. These are O-coherent
sheaves of modules for which each irreducible composition factor has regular
singularities considered as an equivariant local system on a dense open set
of its support in X. Note we are employing what Etingof calls the “modified
Cherednik algebra” H1,c,η,0,X,W , defined in Section 2.10 of [4].
For convenience we recall the definition from [4] of the Hecke algebra
Hτ (W,X) of X,W , which is a deformation of the group algebra of the
orbifold fundamental group. Let Xreg be the set of points of X with trivial
stabilizer, an open set. For (Z, s) ∈ S, let nZ be the order of the pointwise
stabilizer of Z in G. Choosing a basepoint x0 ∈ Xreg, the braid group of
X/W is defined to be the fundamental group pi1(X
reg/W, x0). Let CZ be
the conjugacy class in pi1(X
reg/W, x0) represented by a small circle going
counterclockwise around the image of Z in X/W . Now for any conjugacy
class of hypersurfaces Z we introduce parameters τ1Z , . . . , τnZZ ∈ C. The
Hecke algebra is defined to be the quotient of the group algebra of the braid
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group by the relations
nZ∏
j=1
(T − e2piij/nZeτjZ ) = 0, T ∈ CZ .
Let us now recall the Knizhnik-Zamolodchikov functor. On the comple-
ment X ′ of all the hypersurfaces Z, the sheaf Hc,η localizes to C[W ]⋉DX′ .
In particular, the restriction to Xreg/W of a module M ∈ Hc,η − modcoh
is a W -equivariant local system on Xreg. Taking monodromy gives a func-
tor to the category of finite-dimensional representations of the braid group
pi1(X
reg/W, x0). Etingof shows in Proposition 3.4 of [4] that the composi-
tion of restriction and this equivalence lands in Hτ −mod, the category of
finite-dimensional representations of the Hecke algebra Hτ(c,η)(W,X), where
τjZ =
2pii
nZ
(
nZ−1∑
m=1
2c(Z, smZ )
1− e2piijm/nZ
1− e−2piim/nZ + η(Z)
)
.
We denote this functor as
KZ : Hc,η −modcoh → Hτ −mod,
just as we do for its restriction to Hc,η −modRS,
KZ : Hc,η −modRS → Hτ −mod.
These functors are both exact.
2.2. Isomorphisms of e´tale lifts. If ζ : U → X/W is an e´tale map, then
the pullback ζ∗Hc,η(W,X) has a natural structure of a sheaf of algebras
on U , which is affine-locally generated by ζ∗OX , C[W ], and the Dunkl op-
erators. S. Wilcox [3], in Proposition 2.3, shows that if now ζ˜ : U˜ → X
is a W -equivariant e´tale map, then the image of each component Z of
U˜ s of codimension 1 is a component of Xs of codimension 1. Writing
ζ : U˜/W → X/W , he shows that ζ∗Hc,η(W,X) is naturally isomorphic
to Hc,η(W, U˜ ) where by abuse of notation c (resp. η) is the appropriate
restriction of c (resp. η).
Similarly if U is a Stein complex analytic manifold with an e´tale map
U → X/W , then Can[U ]⊗OX/W Hc,η(W,X) is naturally an algebra.
Let (Z, s) ∈ S and let W ′ =WZ be the subgroup of elements of W which
act trivially on Z. Now W ′ is cyclic and a generic point of Z has W ′ as
its stabilizer. Set Xreg−W
′
= {x ∈ X |Wx ⊂ W ′}. This is an open set
of X, and the natural morphism ζZ : X
reg−W ′/W ′ → X/W is e´tale. Let
us define the centralizer algebra, Z(W,W ′,Hc,η(W
′,Xreg−W
′
)). This is a
sheaf of algebras on Xreg−W
′
/W ′ defined by E ndHc,η(W ′,Xreg−W ′ )op(P ) where
P is the right Hc,η(W
′,Xreg−W
′
)-module FunW ′(W,Hc,η(W
′,Xreg−W
′
)) of
W ′ invariant Hc,η(W
′,Xreg−W
′
)-valued functions on W . There is an ele-
ment e(W ′) ∈ Γ(Xreg−W ′/W ′, Z(W,W ′,Hc,η(W ′,Xreg−W ′)) such that for
all f ∈ Γ(U,P ), e(W ′)f(u) = f(u) if u ∈ W ′ and 0 otherwise. Then
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e(W ′)Z(W,W ′,Hc,η(W
′,Xreg−W
′
))e(W ′) is naturally identified with
Hc,η(W
′,Xreg−W
′
).
In parallel to Lemma 2.1 of [2], we have the following lemma.
Lemma 2.1. There is a natural isomorphism of OXreg−W ′/W ′-quasicoherent
sheaves of algebras on Xreg−W
′
/W ′
θ : ζ∗ZHc,η(W,X)→ Z(W,W ′,Hc,η(W ′,Xreg−W
′
)).
Moreover, we have a Morita equivalence
Z(W,W ′,Hc,η(W
′,Xreg−W
′
))−mod→ Hc,η(W ′,Xreg−W ′)−mod
given by M 7→ e(W ′)M .
Proof. To prove that this map is an isomorphism it suffices to check that it
is when restricted to formal neighborhoods of closed points of Xreg−W
′
/W ′.
Now the result follows from Proposition 2.6 of [3]. 
3. The KZ functor is essentially surjective
3.1. Let V be a finite-dimensional Hτ -module, and let N denote the cor-
responding W -equivariant local system on Xreg with regular singularities.
Following Losev [2] we will produce a module M ∈ Hc,η − modcoh whose
restriction to Xreg/W is isomorphic to N .
Let (Z, s) ∈ S and let W ′ =WZ be the subgroup of elements of W which
act trivially on Z. Using Lemma 2.1, we may view e(W ′)ζ∗ZN as a module
over Hc,η(W
′,Xreg−W
′
).
3.2. Extension to codimension 1. Choose U a W ′-stable complex ana-
lytic neighborhood in Xreg−W
′
which intersects Z but no other component
of XW
′
. The action of W ′ on U is linear in some chart h (a complex vector
space), so we may take an analytic disk Y ⊂ Z, a unique W ′-stable comple-
ment hW ′ to h
W ′ , and a disk D ⊂ hW ′ so that Yˆ := Y ×D ⊂ U . Of course,
Yˆ , as well as Yˆ × := Yˆ \ Y are Stein so we may consider e´tale pullbacks to
these neighborhoods.
Note that we have an isomorphism
(3.1)
Can[Yˆ /W
′]⊗O
Xreg−W
′
/W ′
Hc,η(W
′,Xreg−W
′
) ≃ Can[Yˆ /W ′]⊗C[h/W ′]Hc,η(W ′, h),
where Hc,η(W
′, h) is the (modified) rational Cherednik algebra. Moreover,
the second algebra coincides with
Can[Yˆ /W
′]⊗C[hW ′/W ′]⊗C[Y ] (Hc,η(W ′, hW ′)⊗DY ).
Set NZ = e(W
′)(Can[Yˆ
×/W ′] ⊗OXreg/W N). This is a W ′-equivariant
meromorphic local system on Yˆ × with regular singularities on Y . Let MZ
be the Can[Yˆ ]-span of the set of meromorphic sections of NZ which are an-
nihilated by vector fields of Y and which lie in the 0-generalized eigenspace
for the action of hW ′ under the isomorphism (3.1) above. Now MZ is a
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module over Can[Yˆ /W
′] ⊗O
Xreg−W
′
/W ′
Hc,η(W
′,Xreg−W
′
) which is coherent
over Can[Yˆ ]. Moreover, Can[Yˆ
×] ⊗
Can[Yˆ /W ′]
MZ = NZ , as can be checked
fiberwise using the fact that the KZ functor is essentially surjective for ra-
tional Cherednik algebras of cyclic groups (this is true by Theorem 5.14 of
[5] because the Hecke algebra is finite dimensional in this case).
Now we let N˜Z = MZ ∩ e(W ′)ζ∗ZN, the intersection taken inside of NZ .
Viewing Z inside of Xreg−W
′
/W ′ and covering Z with open sets, we see
that this definition glues to a well-defined sheaf on Xreg−W
′
/W ′. This is a
Hc,η(W
′,Xreg−W
′
)-submodule of e(W ′)ζ∗ZN .
Lemma 3.1. The sheaf of modules N˜Z is O-coherent away from the set of
components of XW
′
other than Z, and it restricts to e(W ′)ζ∗ZN away from
Z.
Proof. Apply the proof of Lemma 3.2 of [2] to an affine open cover of(
Xreg−W
′
/W ′ −XW ′
)
∪ Z. 
Now exactly as in [2], we are able to produce from the N˜Z a module
N˜ ∈ Hc,η(W,Xsr) − modcoh, where Xsr = Xreg ∪
⋃
(Z,s)∈S(Z ∩ Xreg−WZ )
is the subregular locus. Let ιZ : X
reg−WZ → Xsr and ι : Xreg → Xsr be
the inclusions and piZ : X
reg−WZ → Xreg−WZ/WZ and pi : X → X/W the
quotient maps. Write N˜Z to refer, by abuse of notation, to the corresponding
ζ∗ZHc,η(W,X)-module under the isomorphism of Lemma 2.1, and note that
ιZ∗pi
∗
ZN˜Z ⊂ ι∗pi∗N . Put Nˆ =
⋂
Z ιZ∗pi
∗
ZN˜Z , an O-coherent sheaf on X
sr.
Finally set N˜ = pi∗(Nˆ )
W .
Completion of the proof of Theorem 1.1. The complement of Xsr in X has
codimension at least 2, so by Lemma 3.6 of [3], there is anM ∈ Hc,η(W,X)−
modcoh which restricts to N˜ . On an open affine set U of X/W , we have
Γ(U,M) = Γ(U, N˜). 
Remark 3.2. We expect that we may take M to be in the subcategory
Hc,η−modRS. This is easily seen to be true if X is a curve, if X is a proper
variety of any dimension (since in this case Hc,η−modcoh = Hc,η−modRS),
or if V is irreducible (since KZ is exact). The difficulty in the noncompact
case arises from the fact that for some V , any M will have composition fac-
tors that are supported on high codimension subvarieties, but are sandwiched
between factors with full support.
4. Category O for the Cherednik algebra of a complex curve
with finite group action
4.1. Let X be a compact Riemann surface with a finite subgroup W ⊂
Aut(X), and let Σ = X/W , regarded as an orbifold having special points
Pi, i = 1, . . . ,m with stabilizers Zni . Let g be the genus of Σ.
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We would like to give necessary and sufficient conditions on the param-
eters c = (cij)i=1,...,m;j=1,...,ni−1, η so that the category O = Hc,η − modRS
of O-coherent modules over the sheaf of Cherednik algebras Hc,η(W,X) is
nonzero (according to Remark 3.2 such modules have regular singularatites
in the sense above since X is compact).
The set-theoretic support of an irreducible module in O is either a single
point Pi, or it is all ofX/W . By [4] Proposition 2.22, there exists a module in
O set-theoretically supported at Pi if and only if there exist positive integers
a, b satisfying
(4.1) a = 2
ni−1∑
j=1
1− ζjai
1− ζji
ζjbi cij ,
where ζi is a primitive ni
th root of unity.
Recall that we make the invertible linear transformation (c, η) 7→ τ(c, η)
by the formula
τij := τjPi = 2pi
√−1
(
2
ni−1∑
k=1
cij
1− ζjki
1− ζ−ki
− ηi
)
/ni.
Recall also that the Hecke algebra Hτ (W,X) is generated over C[τ ] by
generators Ti, i = 1, . . . ,m;Al, Bl, l = 1, . . . , g with defining relations
(4.2)
ni∏
j=1
(Ti − ζji exp(τij)) = 0,
(4.3) T1T2 · · ·Tm =
g∏
l=1
AlBlA
−1
l B
−1
l .
The functor KZ : O → Hτ −mod is essentially surjective by Theorem 1.1,
and its kernel is the Serre subcategory generated by irreducible modules
supported at one of the points Pi. Having already described when the ker-
nel is nonzero, we have only to find conditions under which Hτ has finite
dimensional modules.
Suppose we have a representation of Hτ given by Ti, Al, Bl ∈ GLd. For
each i, let
(4.4) αij = rank((Ti − ζiexp(τi1)I) · · · (Ti − ζji exp(τij)I))
for j = 1, . . . , ni, αi0 = d for all i. Then we must have
(4.5) 1 = det(T1) · · · det(Tm) =
m∏
i=1
ni∏
j=1
(ζji exp(τij))
αi,j−1−αij .
In fact, if g ≥ 1 then by a theorem of Shoda (see [6]), (4.5) is the only ob-
struction to finding a representation with Ti in the conjugacy classes defined
by (4.4).
We summarize this below.
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Theorem 4.1. Suppose X is compact and g(X/W ) ≥ 1. The category
Oc,η(W,X) is nonzero if and only if the parameters (c, η) lie on one of the
hyperplanes in the countable collection defined by (4.1) or (4.5).
Remark 4.2. It is easy to see that if X/W is not compact then O is nonzero.
This is because the Hecke algebra is generated by elements Ti, Al, Bl as above,
as well as elements Xp corresponding to loops around points at infinity. Here
is one representation: let Ti be any matrices which satisfy the appropriate
polynomial relations (4.2), and let Al, Bl be identity matrices. Then we may
choose the Xp so that the product of the Ti and the Xp (in the correct order)
is I.
4.2. Deligne-Simpson problem. When g = 0, the question of the ex-
istence of finite dimensional Hτ modules is closely related to the Deligne-
Simpson problem [7]. The latter asks when there exist solutions to T1 · · ·Tm =
I, Ti ∈ Ci where Ci ⊂ GLn are the conjugacy classes defined by the equa-
tions
(4.6) αij = rank((Ti − ξi1I) · · · (Ti − ξijI))
for j = 1, . . . , ni.
We turn our attention now to the case when the universal cover H of
X is the Euclidean or Lobachevsky plane. If W contains reflections, then
Hτ (W,X) is a GDAHA of rank 1, studied in [8] and [9]. In the Euclidean
case there are four possibilities for W :
m = 4, (n1, n2, n3, n4) = (2, 2, 2, 2) (case Q = D
(1)
4 ),
which yields Cherednik’s DAHA of type C∨C1, and
m = 3, (n1, n2, n3) = (3, 3, 3), (2, 4, 4), (2, 3, 6) (cases Q = E
(1)
6 , E
(1)
7 , E
(1)
8 ).
Here W is cyclic of order 2,3,4, or 6 respectively.
In general, let Q be a star-shaped graph having m legs coming out of
the central node, of lengths n1 − 1, . . . , nm − 1. Q will be finite if H is the
Riemann sphere, affine if H is the plane, and indefinite if H is the hyperbolic
plane. To avoid redundant parameters we may take η(P1) = η, η(Pi) = 0
for i 6= 1.
In the D
(1)
4 case we may write ti = exp(−pi
√−1ci),
q = exp(−pi√−1(c1 + c2 + c3 + c4 − η))
and present Hτ (W,X) as:
(Ti − ti)(Ti + t−1i ) = 0, T1T2T3T4 = q.
More generally, for any GDAHA set
q =
∏
i,j
(
ζji exp(τij)
)−1/ni
.
It is shown in Section 5 of [8] that if Q is affine Dynkin and q is a root of
unity then Oc,η(W,X) is nonzero. In type D(1)4 , for q not a root of unity [10]
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gives a precise description of the set of parameters for which O is nonzero.
We may do the same for a GDAHA of arbitrary type.
For this, we must view a tuple of integers α = (αij) as an element of
the root lattice for the root system of type Q, where αij is the coefficient
of the simple root corresponding to the jth vertex on the ith leg of the
affine/indefinite Dynkin diagram Q. For all i we let αi0 = α0 be the coeffi-
cient of the center vertex, and αi,ni = 0. Let us say that a root α is strict if
α0 > 0. Let ξij = ζ
j
i exp(τij), and write ξ
[α] =
∏m
i=1
∏ni
j=1 ξ
αi,j−1−αij
ij .
Let us recall Theorem 1.3 of [7] on the Deligne-Simpson problem. Let the
conjugacy classes Ci and α be defined as in (4.6) and as before let Q the
star-shaped graph having m legs coming out of the central node, of lengths
n1 − 1, . . . , nm − 1.
Theorem 4.3 (Crawley-Boevey). There is a solution to T1 · · ·Tm = I with
Ti ∈ Ci if and only if α can be written as a sum of positive roots for Q, say
α = β + γ + . . . with ξ[β] = ξ[γ] = · · · = 1.
This theorem immediately gives us
Theorem 4.4. The category Oc,η(W,X) is nonzero if and only if ξ[α] = 1
for some strict positive root α, or if the parameters (c, η) lie on one of the
hyperplanes in the countable collection defined by (4.1).
5. GDAHA of higher rank: the affine case
Now let X be an elliptic curve and W a finite group of automorphsims
of X which contains reflections, corresponding to the quiver Q = (Q0, Q1)
as in the previous section. Then the product Xn carries the action of the
wreath product G = Sn ⋉W
n. We will produce necessary conditions under
which Oc,η(G,Xn) is nonzero.
The Hecke algebra Hτ (G,X
n) is the GDAHA of rank n, introduced in
[11]. As above we write τij = τjZ when Z = Pi×Xn−1. The same paper also
introduces rational degenerations of these algebras, denoted Bn,µ,ν , which
are related to symplectic reflection algebras for wreath products as follows.
Let Γ be the finite subgroup of SL2(C) associated to Q under the McKay
correspondence and put Γn = Sn ⋉ Γ
n for the wreath product group. Con-
sider the SRAH(Γn), let e ∈ C[Γn] be the idempotent for the representation
corresponding the nodal vertex of Q under the McKay correspondence. It
is shown in Corollary 2.3.6 of [11] that e⊗nH(Γn)e
⊗n = Bn,µ,ν . Note also
that H(Γn) is Morita equivalent to the Gan-Ginzburg algebra An,µ,ν, with
an invertible transformation between the parameters for H(Γn) and (µ, ν)
explicitely given, for example, in [12] Section 2.2.
In what follows, we restrict to the case that the parameters (µ, ν) are
spherical, in the sense that both the idempotent e⊗n and the trivial (i.e., av-
eraging) idempotent p for Γn are spherical: H(Γn) = H(Γn)e
⊗nH(Γn) and
H(Γn) = H(Γn)pH(Γn). According to Conjecture 5.1 of [12], the spherical
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locus contains the complement of an explicit countable set of hyperplanes
in the parameter space C|Q0|+1.
Let g be the affine Kac-Moody algebra of type Q, ω0 the fundamental
weight corresponding to the extending vertex, and δ the smallest positive
imaginary root (see [13] for details). Let Lω0 be the irreducible representa-
tion of g of highest weight ω0. Consider the subalgebra a ⊂ g generated by
the Cartan h ⊂ g and all root subspaces gβ for real roots β =
∑
i∈Q0
biαi
with
∑
i∈Q0
biµi ∈ Z. Finally, let Laω0 be the a-submodule of Lω0 generated
by the weight spaces Lω0 [σω0] for σ ∈W , the Weyl group of g.
Theorem 5.1. Suppose that the parameters (µ, ν) are spherical and related
to τ = τ(c, η) under the equations
eτij = exp(2pii(γij − j/ni)), exp(τ1(Xn)s) = −e−2piiν
where s ∈ Sn ⊂ G is a transposition, and where
γij =
j−1∑
p=1
µip + µ0/m+ ξi, ξ1 + · · ·+ ξm = 0.
Then Oc,η(G,Xn) is nonzero if the weight space Laω0∩Lω0 [ω0−nδ] is nonzero.
Proof. If Laω0 [ω0 − nδ] 6= 0 then from Theorem 1.2 of [14] there is a finite
dimensional representation V of the SRA H(Γn). Then e
⊗nV is a finite
dimensional representation of Bn. Now we apply the functor of Proposition
4.2.2 of [11]. 
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